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Abstract. The problem of calculating the energy spectra of velocity and temperature
fluctuations in a turbulence which is maintained by a permanent, large scale temperature
gradient is studied, using a repeated cascade theory. A pair of coupled spectral equations
is derived containing a turbulent momentum transport coefficient, which is identified as
the eddy viscosity. An equation is formed which, when solved, leads immediately to an
expression for the eddy viscosity. Solutions for the velocity and temperature spectra are
found in the production-transfer, inertial and dissipation subranges. The Kolmogorov
spectrum is recovered in the inertial subrange. The spectra have the form of power laws
with exponents ranging from —1 to —7. Some observed spectra illustrate the predicted
behaviour. A comparison is made between the methods and resuits of this paper and the
work of other researchers, notably McComb.

1. Introduction

Turbulence which occurs naturally must be driven by an energy source, which also
normally causes the turbulence to be anisotropic. Geophysical turbulence is commonly
caused by either wind shear or a temperature gradient (or both). In this paper,
atmospheric turbulence which is driven by the latter mechanism is considered. The
problem is complicated by the fact that both the fluctuating velocity and the tempera-
ture fields must be taken into account, leading to a coupled system of partial differential
equations for the velocity and temperature spectra.

The problem will make use of the new repeated cascade theory of turbulence
recently developed by Tchen (1973), who made an application principally to
homogeneous, isotropic and incompressible turbulence. This theory has also been
applied to wave propagation in a turbulent plasma by Martens and Jen (1973).
Reference may be made to the above cited paper of Tchen for a detailed formulation of
the repeated cascade theory; only the most relevant aspects will be outlined here.

In this theory, the fluctuating, or turbulent, part of each variable is represented as a
series of components. For example, if u’ is the turbulent constituent of the total
velocity, u, then &' is written as

w=Y u (1.1)

where 4 is called the component of rank a. Higher ranks are associated with

increasing degrees of randomness in the sense that the correlation length, L,, of
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W (x, Hu(x +r, ))/{(u™)?) decreases as a increases. Thus, if ( )* denotes an
average over a length scale L,, then

0 B=a
@y - Y
W= {u("), B>a. (1.2a)

Consequently,
u(a) — <ul>(a+1) _(u;)(a)

and the averaging operator ¢ ) can be used to distinguish amongst the various ranks.
It is important to note that the series (1.1) is not an expansion in terms of a small
expansion parameter (which does not exist in turbulence).

Continuing to use the velocity as an example, the Fourier transform of u'(x, 1) is
u“(k, t), where

ux, )= J dk e**u'"(k, 1).

From (1.2a), and treating ( )*’ as the result of averaging many realizations of the
turbulent field, it follows that

0 B=<a

WU, B>a (1.26)

(u(a)(k, t»(ﬁ) = {

dnd the Fourier transform u'(k, t) of u'(x, t) is
w'k, )=y u(k,1).

In view of (1.2b), the principal contribution to u’(k, t) coming from u“(k, £) will be
confined to a distinct wavenumber range k,_; <k <k, so that approximately

ul(k, t)a ka—l<k<ka

0, ko <k <kes (1.3)

4k, 1) = {

where k, and k,_; are the upper and lower cutoff wavenumbers for the transform of
rank a. A more rigorous derivation has been given by Tchen (1973).

The three-dimensional energy spectrum tensor Ff}’)(k, t) corresponding to a spatial
average ( ) is defined by

Kul®(, e, 0 = [ e F ke 1
and is
Fi Gk, £) = 2xa(ui™ (k, )u, ™ (—k, 1)) (1.4)

where x, =(2#/L,)’ arises from the averaging. In terms of the spectrum Fj;(k, t)
corresponding to a spatial average of (u’)*:

Fo(k, t)={Ej(k, 1), ko1 <k <k, (1.5)

0, ko <k <kg-q.
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The energy spectrum F‘,,“) is related to quantities arising from the second order
Lagrangian correlation

RP(r) =™ x @), nuP(x(t+7), t+ 7)) = j dk R (k, ) (1.6)
where

Rk, 7) = xa (u(k, i (~k, t+ 7)), (1.7)
Clearly

F(k, 1) =3R}(k, 0). (1.8)

In the course of the analysis, a quantity
nf]a)_J' dTRg'J)(T) (19)
0

will emerge which has both the dimensions and the function of a momentum transport
coefficient; as it originates with the turbulent motion it will be called the eddy viscosity
of rank a. Using (1.6) in (1.9) gives

n= | dkniP (110)

where
k)= f drR\V(k, 7). (1.11)
0

From the definition (1.10) it is seen that 5|’ is obtained by integrating a correlation
function over the full range of its argument. Consequently, the eddy viscosity is
characterized (like molecular transport coefficients) by a scale which is much larger than
the scales of the microscopic processes from which it arises. The principal contribution
to nf,"’) in (1.10) will come from large scales or small wavenumbers. This means that
(")(k) 1s strongly peaked around k =0 and the approximation will be made that

I dk f(k)n§ (k) =£(0) j dk 7 (k) = f(O)n " (1.12)

where f(k) is any continuous, integrable function of k.

It might be worthwhile to note some of the results which have been obtained by
Tchen (1973) in the case of homogeneous, isotropic turbulence. In the universal
equilibrium range, his spectra are

inertial subrange (k <k,): F(k)=1-59¢**k™® (1.13)
dissipation subrange (k, <k <k.): F(k)=0-15(¢/v>*k ™’ (1.14)
viscous cutoff subrange (k ~ k.): F(k)=0-15(¢/v**k " exp(—k/k.) (1.15)

where k, = 0-17k,, k.=0-74k, and k.= (¢/v>)"/*. The Kolmogorov and Heisenberg
spectra are obtained in the inertial and dissipation subranges, respectively. In the higher
wavenumber portion of the dissipation subrange (here called the ‘viscous cutoff’), a
Heisenberg spectrum with an exponential tail is found. Results based on these spectra
are plotted in figure 1, which follows Kraichnan’s (1966) method of presentation. The
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Figure 1. Spectra of Tchen (1973) (full curve) compared with the data of Grant et al (1962)
in inertial and dissipation subranges.

experimental points are based on the work of Grant et al (1962). F, is the one-
dimensional spectrum corresponding to the three-dimensional spectrum F.

The transition spectrum between the dissipation and inertial subranges has been
calculated by numerically integrating Tchen’s equations. A good agreement with
experimental data is observed, comparable to that obtained by Kraichnan using the
abridged Lagrangian direct interaction approximation. The numerical value of 1-59 for
the Kolmogorov constant (3-dimensional spectrum) is lower than Kraichnan’s (1-77),
who observes that his is rather high, due, at least in part, to computational reasons. The
1-59 value compares favourably with the Kolmogorov constant based on the observa-
tions of Gibson (1963), Gibson and Schwatz (1963), Wyngaard and Pao (1971) and
Wyngaard and Coté (1971). It is somewhat higher, however, than the value of 1-47
found by Grant et al (1962).

2. Turbulent hierarchy of equations

In its non-turbulent state the atmosphere is assumed to be at rest with a temperature
To(x, t) which is maintained by external means that do not form part of this problem. T,
is assumed to have a constant gradient. In its turbulent state, there will be an additional
fluctuating component @ of the temperature so that the total temperature T is

T= T0+0.

There will also be a turbulent velocity u. The equations governing # and ¢ are the
conservation of momentum equation

au, u 614,» 1 Bp 6214,-
il iid) v
at ]ax" Po 0x; 6x, Bx,

--afg, 2.1
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the energy equation

90 36 3’0
ot 'ox, T ox;ox, P, (22

and the continuity equation

%o, (23)
3x,

where pg is the static density, p is the total pressure minus static pressure, v is the

kinematic viscosity, A is the thermal diffusivity, g is the unit vector in the direction of

gravitational acceleration, B is the lapse rate, equal to —947,/dx; and a = —NZ/B,

where N is the Brunt-Vaisala frequency.

In deriving equations (2.1)-(2.3), the Boussinesq approximation was used and the
Rayleigh dissipation term was neglected in (2.2), since it is assumed that the molecular
viscosity will act primarily to dissipate the kinetic energy with the dissipation range of
the thermal energy spectrum being governed by the thermal diffusivity. Similar
equations have been utilized by Monin (1962) and by Lumley and Panofsky (1964).

The cascade expansions of velocity, pressure and temperature, all of form (1.1), are
introduced into (2.1)-(2.3) followed by application of the averaging operator ¢ )(").
Theresult fora =0, 1, 2, . ..is an hierarchy of turbulence equations, each of (2.1)-(2.3)
generating its own sequence of coupled equations. The first two equations in each of the
hierarchies coming from (2.1) and (2.3) are as follows:

[{0)} ) (1), () 2. (0
( 14 du Ful
R L (L N .4

de po 0X; T oax; Vox ox,
) (] (]

duﬁ“ i ap(l) 2 aufZ) 2) - aufO) azu,‘” R

AT T Ve ) M ey TVamar 080 @29
Po OX, X, X; dx,0x,

dO(O) ae(l) (1} 320(0)

- )

d: ax]' ax,ax,-

d0<l) . 60(0) @ 80(2) (2) 620(1)

4 (g -2 +2 2.7

ds ax; ax, ax;0x,

where the Lagrangian operator is

9

d
a[rank al= (61‘

3
+uP+uP+ +u§“)]a—)[rank al
i

Equations (2.3) gives for each rank

(a)
all]'

5%, =0. (2.8)

Fourier transforming (2.4)-(2.8) and using (2.8) to eliminate the pressure in the
usual manner leads to the following equations for the Fourier transforms u‘®'(k, ¢) and
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8“(k, 1) of u(x, ) and 6'“'(x, 1), respectively:

0k 1) =~ [ ik} ) w8, D =, )

—vk*uP(k, t)— ahy(k)§0(k, ) (2.9)

% u"(k, 1) = —j dk' kA (R PW, Du (ke =K', )P +ul”®', DuiP(k =K', 1]

vk’ uP(k, 1) — a by (k)g8" (k, 1) (2.10)
%0“”(1:, )= _j dk'ik (0 (k', DuPk— k', )V - k20O k, )+ uO(k, 1) (2.11)
f; 0V(k, t)= — j dk' ik (0P k', HuPk — k', )P+ 6Ok, HuP(k = k', 1)]

~Ak*0V(k, D)+ u "k, )B; (2.12)
where

Ay(k)=6;—kik;/k>.

A hierarchy of coupled equations is also found in the usual formulation of turbulence
problems. However, this hierarchy results from an attempt to find a closed system by
generating equations for successively higher order correlations of the fluctuating
variables. The hierarchies found here result from the fact that any particular scale of the
turbulence is linked dynamically to neighbouring scales. A more intricate coupling will
be found in the next section when the equations governing energy (second order
correlation) are derived.

3. Equations for energy spectra

The equation governing the velocity energy spectrum tensor F§ is easily obtained
using the definition (1.4) and equation (2.9). Integrating the equation so derived over
the cutoff wavenumbers for rank zero, with k_; =0 and denoting k, by «, see (1.3),
where « is arbitrary gives

K

a K
—J dkE](k, t)= _T;']'(K, t)+B,'j(K, t)—ZVI
k=0 k

dk k*F;(k, 1) (3.1)
at o

where
L ©)
T, =xo [ ak [ ke ik 06) -k, DX ", 0~ k7, )
o (0)
+ A,z(k’)<uf k', eXuP k", u(— k' =k, t)><”> ) (3.2)

Bj=—3agixo j dk’ (8, (kK" (= k', 8K, )+ 8 (kK Pk, 8= k', 1))
(3.3)
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Following a similar procedure, starting with equation (2.11), an equation for the energy
spectrum for thermal fluctuations, defined analogously to (1.4) as

H (k, 1) =3xa (6 (k, )8 (— k, 1)),
can be derived as follows:

EJK dkH(k,t)=‘W(K,I)+C(K,t)—2AJK dk k*H(k, t) (3.4)
at Jy=g

where

(V]
W=1xo j dk'j dk"ik',f(<0(°)(k', (0 k", ui (k' ~ K", :)>“’>
@
+<0‘°)(—k’, OVE”, kK", t)>‘”> ) (3.5)

CE%BjXOJ dku [(0(0)(1‘/:’ t)ufO)(—k”, t)>(0)+<0(0)(—k", t)ufo)(k", t)>(0)]. (36)

F}}‘) and H* were replaced by F and H, respectively, in (3.1) and (3.4) by using the
property (1.5). In (3.1) and (3.4) the arbitrary upper cutoff wavenumber, «, is the
independent variable. Each of these equations has the form

time rate of change of energy spectrum in wavenumber range 0 to «
=rate of nonlinear (or inertial) transfer across spectrum
+rate of generation or transfer between the F and H spectra due to coupling

+rate of molecular dissipation.

Although both the B and C terms act as energy sources for their respective spectra, B is
in reality a coupling term. Before (3.1) and (3.4) can yield solutions for the spectra, the
transfer terms T and W, and the energy generation/coupling terms C and B, must be
expressed in terms of F, H and/or other quantities which can be calculated, i.e. the
system must be closed.

The calculations leading to an evaluation of the generation/coupling terms are
lengthy and are described in appendix 1. The results are

By = —30Bm @i+ Emen) (3.7)
C=BBmn (3.8)

where the notation for the eddy viscosity introduced in (1.9) has been used.

The calculation of the transfer term T;; follows the corresponding method of Tchen
(1973) up to the point where (3.9) results (see his paper for details). The difference here
is that an extra term, arising from the lapse rate, must be taken into account, but it is not
difficult to show that this term does not contribute to the inertial transfer. Hence

L3

Ty=200 [ akkkF, G, 08, (k). (3.9)

k=0

The method of calculating the other transfer term Wis basncally the same as that for T;;
except that the starting point is the corresponding equation for 8. The result, which is
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analogous to (3.9), is

K

W=2q'0 J dk kk,H(k,t). (3.10)

k=0

Substitution of (3.7)-(3.10) into (3.1) and (3.4) yields the following equations for the
energy spectra:

8 K
- LO dk F, (k, 1)

«

—1aBn(Emia+Emm) —2v f dk k*Fy(k, t)
k

=0
—M“J dk koo A, (K)E, (k, 1 (3.11)
k=0

STJ’ dk H(k, 1) = 3,an‘°’—2(aam+n<”)j dk k.k, H{k, t). (3.12)
k=0 k=0

In these equations the eddy viscosity has not yet been calculated so the system is not
actually closed. This will be accomplished in the next section by formulating and solving
equations for the eddy viscosity.

4. The eddy viscosity

Instead of calculating the edd?/ viscosity directly, the correlation R f,“’ (k, 7) will be found

and used to determine 7;;”’. Multiplying (2.10) by x,um( k,t'), averaging and
assuming a locally homogeneous turbulence gives

™ Rk, 7) =LYk, 7)+ QP (k, 1) — agibu (k)R (K, 7) (4.1)

where 7=t¢'—1t and

RNk, )= x (" (—k, )8V (k, t + 7))
(1)
“)(k N=—-x J dk’ ik;,,A,,(k)<u§”(—k, t+1—)<u52)(k’. t)uf,f)(k -k, t)>‘2’>
QP k)= —x: J dk’ ik Ay (k)u{O(k', tXuP(~k, t+m)ul (k- k', £)P.

The viscous term in (2.10) has been neglected since the eddy viscosity is a turbulent, and
not molecular, transport property. The equation governing .J/Zfl’(k, T) is found by
treating equation (2.12) in a similar manner, and is

gz“’(k ry=%"(k, 7)+2(k, 7) + BR (K, T) (4.2)
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where

(1)
Lk, 1) = — 1 J dk’ik’< D=k, 1+ 700K, DuP(k — k', t)><2>>

2k, 7)=—x1 J dk' ik 8O (k' )uP(— k, 4+ Ty (k=K' ).

1)

The evaluation of LV, Q'V, £V and 2V is given in appendix 2. The results are

Lk, )=~ Q(Z)(k)R‘”(k, 7)
0Pk, 7)=2"(k, 7)= (4.3)
Lk, )= - QP k)R ;”(k, 7)

where

Q(a)(k)_kkln(a) (44)

is the turbulent relaxation frequency for rank «. Substituting (4.3) into (4.1) and (4.2)
gives the following system of simultaneous equations to be solved for Rf,l)(k, T):

- R‘“(k 7= —QPK)RP(k, ) — agihy (k)R (K, ) (4.5)
aigz Ok, 7) =~ QP R)RS(k, 7)+ BuR (K, 7). (4.6)
"

Choosing the x; axis to point vertically upward and a simple vertical temperature
gradient model B, = B8;5 gives the following solution for R{}’:

RPU,r)=A,;e™ " +C e

where m. =—-Q%£VN?A;;. The solution appropriate for an unstable atmosphere
(negative Brunt-Vaisala frequency) and satisfying the condition that

lim R;(k, ) =0

is chosen. This gives

Rk, 7) =Rk, 0) exp[ — (Q® + kya/k)7] (4.7)

where
N’=-g° (c>0)
ki=ki+k3.

Substituting (4.7) into (1.11) and using (1.8) gives

Fy'(k)

mi ) =2 g Tk
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A further substitution into (1.10) and using (1.5) gives

k
I 105
m_ i 4.8
My J-k=x dk02+kHU/k' ( )

In view of the definition (4.4) of O, it is seen that (4.8) is actually one member of a
hierarchy which expresses nff' )in terms of nf,"‘ *D This hierarchy is truncated, and hence
the system closed, by choosing k; >k so that effectively the limits of integration are

from « to infinity and by assuming 0@ =0" Thus

* F;(k)
M= L ) 4.9
=2 LK Ak D ok (4.9)

Equations (4.5) and (4.6) can also be used to give information about relationships
among the elements R ﬁ,-l)(k, 0). Solving these equations for RY(k, 0) first and then for
all other elements RE})(k, 0) gives the latter in terms of R$3(k, 0). Thus, Rg,-l)(k, 0) can
be related to R(313)(k, 0) or, equivalently, to the trace RP(k, 0). Using (1.8), it is found
that

2
Fi(k)= (’;}(k:) F;(k) (4.10a)
2
Folk) = (’;’;{k:) Fy(k) (4.100)
2
Fi3(k)= (%‘) F;(k) (4.10¢)
kiks
Fis(k) = “E F(k) (4.10d)
Fas(k) = —Lcil‘;‘a'ﬁi(k)- (4.10e)

5. Solutions for energy spectra

In view of (4.10), the equation for F;; is required. Contracting i and j in (3.11) leads to
an equation involving Tj;, where

To=2n® | dkkkalFill 0~ (kik/KF, (, 0]
k=0

in which the definition of A, (k) has been used. The scalar trace- F;;(k, ¢) is associated
with the turbulent kinetic energy and, as such, should depend primarily upon the
magnitude k of the wavevector k only. The elements F,, (k, t) are more sensitive to the
anisotropy induced by the temperature gradient so the term involving F; is more
difficult to treat. For the purpose of estimating the contribution of this to Tj;, it is also
assumed that F,(k, t) = F,(k,t). Furthermore, it is expected that at the small scales
which contribute to the eddy viscosity 0\, the turbulence is isotropic so that

7% =18, (5.1)
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where the isotropic eddy viscosity is

1 _1_(1)
77 =3Ny -

These assumptions give the result
T, =2><%n“>j dk k*4mk*F,(k, 1). (5.2)
k=0

Using the simple temperature gradient model and (5.2), the contracted form of (3.11) is

K

% [ dk 4k 2F(k, ) =00 — 2w +5n") I dk k*4wk>F, (k, t). (5.3)
k=0 k=0

Similarly, assuming that H(k, t) = H(k, t) gives for (3.12)

LY

% j dk 4mk*H(k, t) = B’n53 —2(A +32") f dk k4mkHk, t). (5.4)
k=0

k=0

The eddy viscosity n'" is obtained from (4.9) as

Zro Fa(k)
() 1 (1) _ &
n =3 3 . de“'*'kHO'/k'

Since at the higher wavenumbers and smaller scales which contribute to n'” the
turbulence is nearly isotropic, a good approximation is that

QY +kno/k=k’n"+o

so that n(” becomes
2 r" 47k’ Fy(k)
1) ii
== k : )
e ¥ 40 59
Using (1.10), since k_; =0, ko=« and k; =0, (5.5) and (4.10c¢), n(303’ can be expressed
in terms of 7" as

%3 =n33(00)— 29" (5.6)

where 753(00) =lim, .. 7%3-

Solutions of (5.3) and (5.4) will be sought for high wavenumbers. Taking the limit of
both sides of each of these equations as x becomes infinite, and then approximating the
left-hand sides with these limiting values, gives the following spectral equations, valid
for high wavenumbers,

202n(1’+2(v+§n(1))J dkk*F(k)=€ (5.7)
0

28%"+20+3n ) | akKEG)=e, 58)

0
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where
F(k)=4mk’F,(k) E(k)=4mk*H(k)

oC

e=2uf dk k*F(k) eA=2,\f dk k*E (k).
0 0

F and E are the three-dimensional scalar energy spectra and € and ¢, are the dissipation
rates of kinetic and thermal energies, respectively.

For each of the velocity and temperature spectra, there are wavenumber ranges
defined by certain characteristic wavenumbers which are determined by the parameters
which have physical significance in the problem. The characteristic wavenumbers for
the velocity spectrum are as follows:

buoyancy wavenumber k, = (og/ v)l/ 2

dissipation wavenumber k, = (e/v)"*
and for the temperature spectrum:

thermal wavenumber kg = (c,B/A%)'"

dissipation wavenumber k, = (c,z,eA/ AS)1/e

where ¢, is the specific heat at constant pressure. The buoyancy and thermal
wavenumbers characterize the scale at which energy production and coupling are
important. The dissipation wavenumbers characterize the scales at which molecular
transport coefficients dissipate the energy of the turbulent fluctuations. The energy
production ranges are k < k, and k < kg, the inertial transfer subranges are k, « k <k,
and kp « k <k, and the dissipation subranges are kK =k, and k = k,. These last two
subranges comprise the universal equilibrium range for each spectrum. For wavenum-
bers k =k, and k=kg both the energy production and the inertial transfer are
important; wavenumbers where this is true comprise the production-transfer subrange.

In general, the wavenumber scales associated with each of the spectra are shifted
relative to each other, with the characteristic wavenumbers for the velocity spectrum
being larger than those for the temperature spectrum in view of the large rate of
dissipation of kinetic energy. Hence, solutions for the two spectra will be found for the
cases summarized in table 1.

5.1. Cases A
In these cases the wavenumber is in the production-transfer range of the velocity
spectrum. Hence the two terms describing these processes are the important terms in
(5.7). Dropping the viscous term gives
202n“’+§n“>f dk k*F(k)=e. (5.9)
0

Case Al. The equation resulting from (5.8) which is analogous to (5.9) is

28%7 Y +in | akK*E(k) =€, (5.10)
0
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Table 1. Cases in which solutions for spectra are found.

Wavenumber ranges for velocity spectrum

Wavenumber ranges k=k, k, >k »k, k>k,

for temperature Production- Inertial Dissipation
spectrum transfer range subrange subrange
k=kg

Production-transfer range Case A;

ky >k »kg

Inertial subrange Case A, Case B,

k >k,

Dissipation subrange Case A, Case B, Case C

Differentiating (5.9) and (5.10) with respect to x and neglectingdn'"/dk except when it
occurs in conjunction with a factor like o* or 8° which may not be small gives

(1)

2K2n(1>F+02ddn—K=0 (5.11a)
d (1)
2y VE+B2 ;’K (5.11b)

The derivative of the eddy viscosity is small since 7' is slowly varying in the
production-transfer range. Differentiating (5.5) gives

dny’ 2 F
de 3k’ (1)+0' (5.12)

Combining (5.11) and (5.12) leads to

F

2 _ 2= — 2—
vroy-a E=bYu+o

where ¢ = Kzn(l). The positive solution for ¢ is ¢ = %a(~/§— 1)=0-620. Hence

V=0-620x* (5.13)
F(k)=3c’x"" (5.14a)
E()=3B%"". (5.14b)

The components of the velocity spectrum tensor are found from (4.10) and are

kq k3) k=S

Fulk)= (kkH

(5.15a)
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koks )
= 5.15b
Futl =2 (K2 (5.15b)
kH 5
Fuut =32 (K2’ (5.15¢)
47\ k
30 kiks\ _
Fla(k)=——a< 123)k > (5.154)
47\ k
3o koks
Fos(k) = — "( z )k . (5.15¢)
Case A2. Equation {5.8) in the universal equilibrium range, becomes
20 +3n™) [ dkk*EG) =, (5.16)
0

reflecting the fact that the production term does not contribute in this range. Dividing
(5.16) by A +n“), differentiating and proceeding in the manner used to derive (5.11)
gives

€ d'nm

Equations (5.11a) and (5.12) remain the same; hence the solutions for n*, F and F;
are the same as in case Al. Substituting (5.12), (5.13) and (5.14a) into (5.17) gives the
solution for E as

2«°E = (5.17)

~3

=0- = . 5.18
E(k)= 04160 s (5.18)
In the inertial subrange the thermal diffusivity can be neglected giving
E(k)=2-442 71, (5.19)
g

Case A3. The solutions for n“), F and F; are the same as in case Al. Equation (5.18) is
also valid, but now, in the dissipation subrange, the molecular thermal diffusivity
dominates, resulting in

g€,

E(k)= O41——k . (5.20)

5.2. Cases B

In the universal equilibrium range the production or coupling terms no longer contri-
bute and (5.7) and (5.8) become

2(v+%n‘”)f dk k*F(k)=€ (5.21a)
4]

20+ [ kK EK) = e (5216)
0

Similarly the contribution from the Brunt-Vaisala frequency to the eddy viscosity in
(5.5) is small, since this term arises from the energy production by the temperature
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: 1
gradient. Hence n'" becomes

©  F(k)
n‘”=%j dk 7. (5.22)
« ]
Dividing (5.21a, b) by v +7'" or A +7'", as appropriate, then differentiating these
equations as well as (5.22) with respect to x and finally combining the results gives

(1 3 (1) 2 (1) 1
(L) +3(17_) 2n_ le g (5.23)
14

v 4 v 2v3K

2 €, F(k)

E(K)=§(/\ 2 (5.24)
In the inertial subrange n'/v » 1, (5.23) becomes
1
() 50
giving
'Y =2ﬁ11361/3k_4/3 (5.25)
F(k)=126€"k 7" (5.26)

Case B1. When the temperature spectrum is in the inertial subrange, the molecular
thermal diffusivity can be neglected in (5.24), i.e.,

A+nV=n®,
Using (5.25) and (5.26) gives
E(x)=126€e¢ ", (5.27)

Case B2. In the dissipation subrange the thermal diffusivity dominates the eddy

viscosity in (5.24). Again using (5.25) and (5.26), the solution for the temperature
spectrum is found to be

1/3

E(k)=0-35 % K133, (5.28)

5.3. Case C

In the dissipation subrange 7'"/» « 1, (5.23) becomes approximately

(1)
T _025c=0.
14 14

Hence

€ _
n(”=0'227x ¢ (5.29)

2

F(K)=0.30%K“’. (5.30)
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In (5.24), the molecular term will dominate the eddy viscosity, so using (5.30) gives

€€\ 7

(yA)zK . (531)

E(k)=0-30

6. Conclusion and comparison with other theories

The types of spectra which have been found in this paper have been observed by Kao
and Wendell (1970) and by Kao (1970). Although the interpretation of the observed
spectra is complicated by the fact that wind shear is also present, many of the features
predicted in § 5 can be seen. Two examples are given in figures 2 and 3. Figure 1 shows
the spectra of the zonal velocity and of the temperature measured at the 200 mb level
and at latitude 40°N in the winter of 1964. The velocity spectrum is in the production-
transfer subrange while the temperature spectrum passes through all three of its
subranges (production-transfer, inertial and dissipation), as described in cases A.

Elk)

0t E~ kS
_1 -3
107 10 102 107 10 10°
k k

Figure 2. Spectra of zonal velocity and temperature as measured by Kao and Wendell
(1970) and by Kao (1970) (open circles) in winter, 1964, compared with spectra derived in
§ 5 (straight lines).

107+ . 10

Flk)

107

1 10 10? 1 10 10?

Figure 3. Spectra of zonal velocity and temperature as measured by Kao and Wendell
(1970) and by Kao (1970) (open circles) in summer, 1964, compared with spectra derived in
§ 5 (straight lines).



Spectrum of turbulence with temperature gradient 1767

Figure 2 shows the same spectra measured at the 200 mb level at latitude 20°N in the
summer of 1964. In this instance both spectra display a —3 power law, indicating that
both are in the inertial subrange which is described in case B1.

As can be seen from § 5, the theory presented here gives the Kolmogorov and
Heisenberg velocity spectra in the inertial and viscous subranges, respectively. This is
because the effects of the temperature gradient and buoyancy have been assumed to be
confined to the production-transfer subrange exclusively. The Kolmogorov constant,
which is found to be 1:26, is somewhat lower than most reported values. For example,
the measurement of Gibson (1963) and Gibson and Schwartz (1963) lie in the range
from 1-3 to 1-6. Grant et al (1962) find a value of 1:47. A lower value has been
obtained here than in Tchen’s (1973) work because a slightly different method of
approximating the result of a complicated integration in wavenumber space which is
involved in evaluating T, has been used (see equation (5.2)). The simplification used in
this paper should lead to an estimate of the maximum value of the numerical factor
involved. Consequently, a more precise evaluation would be expected to increase the
Kolmogorov constant.

Equation (5.5) can be solved to give an explicit expression for the eddy viscosity in

the inertial subrange, where n"'+ o =2", which is
4 r" F(k))“2
W
== . 6.1
n=(3]_ ws (6.1

This expression is different from the classical eddy viscosity of Heisenberg (1948).
However, (6.1) is a special case of the generalized form for the eddy viscosity proposed
by Stewart and Townsend (1957),

][ (5 2

obtained by retaining only the ¢ = 1/2 term. They showed that the eddy viscosity (6.2)
will always lead to a — 7 power law for the velocity spectrum in the viscous subrange. In
order to push the solution for F(k) beyond the so-called viscous cutoff, k,, Tchen (1973)
developed an alternative method for closing the hierarchy corresponding to (4.8) for

n‘Y. He obtained a Heisenberg spectrum (1.15) with an exponential tail. The same
reSult for k » k, could be obtained for the thermal spectrum; however, as the larger
scales of the turbulence where the anisotropic effects are evident are of principal
interest in this paper, it is only noted at this point that the solution for E(k) can be
extended beyond k,.

Recently, McComb (1974) has investigated the velocity spectrum of isotropic,
homogeneous and incompressible turbulence based on an equation first derived by
Edwards (1964). This equation is basically of the same form as (3.1). McComb’s
analysis of the non-linear transfer term (corresponding to Tj;) leads to an equation (his
e(?uation (2.26)) which is of the same form as would be derived from the equation for

)(k, 1) using the appropriate member of the hierarchy represented by (2.9) and
(2.10), where the arbitrary energy input is due to the buoyancy induced by the
temperature fluctuations. In equation (3.11) there is no term which corresponds to
McComb’s diffusive input H(k) since the rate of change of energy in a wavenumber
interval beginning at k = 0 is considered in the present paper.

Equation (5.5), neglecting the term arising froin the temperature gradient, can be
compared with equation (4.10) of McComb’s paper. It is seen that apart from a
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numerical factor, equation (5.5) is equivalent to McComb’s expression for the eddy
viscosity with only the first term of his expansion in the integrand retained. The viscous
effect could also be included in (5.5) by incorporating the appropriate term into
equation (4.5). The effect of the additional term in McComb’s expansion is to change
the numerical coefficients in the eddy viscosity and energy spectrum but not the
variation of these quantities with wavenumber or dissipation rate. It is not completely
clear that this expansion is in fact convergent, although the results in the inertial
subrange would seem to indicate that this is so.

The solution of McComb in the dissipation subrange has the form of an exponential
decay, obtained asymptotically for k/k, » 1. For k/k, = 1, it might be expected that the
Heisenberg spectrum would be recovered. However his spectral equation does not
admit a power law solution, so that in this respect the spectrum (1.15) seems more
satisfactory.

Appendix 1. Evaluation of energy generation/coupling terms

From (3.3) and (3.6) it is seen that the terms which act as energy sources in their
respective equations (although B, really arises from coupling) depend upon the
correlation (8 V(k’, t)ufo) (—k’, t)>(0). Performing a Lagrangian integration of (2.11) with
the molecular term neglected, multiplying by u,”(—k’, 1), averaging and substituting the
result into (3.3) gives

B, =3(M,;+Ny) (A.1)
where

© (0)
M, Eag,xoj dk’ J dk”J dr’ ik,’,’.(Ai,(k’)<u,‘-°’(—k’, X6 k", )y (k'K t')>“>>
0

+(i<—>j,k’<—>—k’)> (A.2)

N, =—cB,.(gmm+En) (A.3)

and where the notation (i <>, k'<>—k’) denotes a term identical to the immediately
preceding term but with i and j interchanged and k' replaced with —k’. In (A.2) and
(A.3) it has been assumed that there is no memory of initial conditions so that the
integration on time is over an infinite interval. In (A.3), equations {(1.9) and (1.12) have
been used.

The correlation (6'"u’,)" which appears in M,; can be calculated by integrating
equation (2.12). In doing this, the molecular term can be neglected, as before, and also
the source term, since the energy generated is input at scales larger than thatof 8”. The
result, when substituted into (A.2), gives

M, =M,;(P)+M, (D)
where
P(rg)(kn’ trlkl_k//’ [’) }>(0)

P}= 4 J' l‘[ /rJ’co s ”( r< ©)y _ g1 {
M,{D agoo | dk' | dk” | ar ik ak) u(=R 0 ot

+io) k’<—>—k’)) (A.4)



Spectrum of turbulence with temperature gradient 1769
with

.
Pk k'~ k" 1) =~ J dr” j dk ik,0 Ok, t")uw (k' — k", £)u (k" =k, 1)
0
(A.5)

t (1)
Df?.)(k", t’lk,_k”, tl) = _J' dr’ J' dk ik,,<ll£,1,)(k’—k”, t1)<0(2)(k, t")uf,z)(k”—k, t/r)>(2)> .
0
(A.6)

Since 6(k, t)isa relatively slowly varying function of time, being of rank zero, it can be
removed from the integral over time in (A.5), giving

POk, t'|k'— k", t')=—ik 0 Ok', t)n ok’ —k") (A7)
where (1.11) and (1.12) have also been used. Substituting (A.7) into (A.4) yields

My(P) =, [ dle Q) Bk + 8, ()" K)

where

)= dr Rk, 7).
0
It is seen that d),(-"‘), like the eddy viscosity, is a turbulent transport coefficient and hence
shares property (1.12) with nﬁ,‘»’)(k). Thus, since Q(0)=0,

M;(P)=0. (A.8)

To find Dﬁg), the correlation (§®u®)? in (A..6) is formulated using the equation for
6'? which would be the third member of the hierarchy containing (2.11) and (2.12). The
result is

6Pk, Y uP k"~ k, )P = PPk, '|k" ~k, ")+ DV (k, t'|k" — k, t"). (A.9)

PP is analogous to P with all ranks increased by one and with ¥ replaced by
89 +9". Hence, by analogy with (A.7),

Pf,l)(k, t”'k”_k, tu) E_lk/rl 0(0)(k”, t”)+6(1)(k", t")]nf,z,)(k"_k) (A].O)

which, when substituted into (A.6) gives a zero contribution to Df,?) . Dﬁ,l,) is of the same
form as Df,?) except that all ranks are increased by one. Hence Df,? will contain a
correlation (§”u®)® inside the integral, which means that the equation for 8> must be
used to formulate this correlation. The non-zero part of the result will involve 6“u)y
and so on. The evaluation of DY involves going deeper and deeper into the hierarchy.
Since for small enough scales =0 and ©‘® =0 (i.e. scales larger than the dissipation
cut off), it follows that the ultimate contribution to DY found by calculating
D“), D@ . .is zero. Therefore

D=0, M,;(D)=0. (A.11)
From (A.8) and (A.11), M;; =0 and therefore

__1 A .
B, =3N; = ~30Bn(8mm +Em).
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Integrating (2.12) to obtain (6@u”)?, using (A.7) and following the same argu-
ment as before concerning the value of DY gives for C the value

C= BB

Appendix 2. Evaluation of terms in equations for R;; and R,

i, as defined in §4, consists of an integral over wavenumber k' with a factor
kLu®(k’, t) contained in the integrand. At the higher wavenumbers where k J,; is large,
1{? is small since it is a rank zero component associated with larger scales. Hence the

product is small at all wavenumbers and

A somewhat different argument leading to the same conclusion has been presented by
Tchen (1973). Similar reasoning may also be applied to 9,(1):

2P =0. (A.13)
Comparison of ,%’fl)(k, 7) with (A.6) shows that

t
XlD}O)(k’ th—k, t) =j dr’ 3}('1)(,‘, '—1).
0

Utilizing (A.9) and (A.10) as well as property (1.12) gives

Lk, 1) = -0 k)R (k, 7). (A.14)

A similar procedure based on calculating the correlation (uf”u}l))m instead of

o u}”)m (see appendix 1) may be found in the paper of Tchen (1973), in which the
expression for L; given in equation (4.3) is derived except for a numerical factor of
one-half which results from a different evaluation of a complicated integration over
solid angle in wavenumber space.
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